Abstract. In this paper we bring together the areas of combinatorics and propositional satisfiability. Many combinatorial theorems establish, often constructively, the existence of positive integer functions, without actually providing their closed algebraic form or tight lower and upper bounds. The area of Ramsey theory is especially rich in such results. Using the problem of computing van der Waerden numbers as an example, we show that these problems can be represented by parameterized propositional theories in such a way that decisions concerning their satisfiability determine the numbers (function) in question. We show that by using general-purpose complete and local-search techniques for testing propositional satisfiability, this approach becomes effective -competitive with specialized approaches. By following it, we were able to obtain several new results pertaining to the problem of computing van der Waerden numbers. We also note that due to their properties, especially their structural simplicity and computational hardness, propositional theories that arise in this research can be of use in development, testing and benchmarking of SAT solvers.
Introduction
In this paper we discuss how the areas of propositional satisfiability and combinatorics can help advance each other. On one hand, we show that recent dramatic improvements in the efficiency of SAT solvers and their extensions make it possible to obtain new results in combinatorics simply by encoding problems as propositional theories, and then computing their models (or deciding that none exist) using off-the-shelf general-purpose SAT solvers. On the other hand, we argue that combinatorics is a rich source of structured, parameterized families of hard propositional theories, and can provide useful sets of benchmarks for developing and testing new generations of SAT solvers.
In our paper we focus on the problem of computing van der Waerden numbers. The celebrated van der Waerden theorem [20] asserts that for every positive integers k and l there is a positive integer m such that every partition of {1, . . . , m} into k blocks (parts) has at least one block with an arithmetic progression of length l. The problem is to find the least such number m. This number is called the van der Waerden number W (k, l). Exact values of W (k, l) are known only for five pairs (k, l). For other combinations of k and l there are some general lower and upper bounds but they are very coarse and do not give any good idea about the actual value of W (k, l). In the paper we show that SAT solvers such as POSIT [6] , and SATO [21] , as well as recently developed local-search solver walkaspps [13] , designed to compute models for propositional theories extended by cardinality atoms [4] , can improve lower bounds for van der Waerden numbers for several combinations of parameters k and l.
Theories that arise in these investigations are determined by the two parameters k and l. Therefore, they show a substantial degree of structure and similarity. Moreover, as k and l grow, these theories quickly become very hard. This hardness is only to some degree an effect of the growing size of the theories. For the most part, it is the result of the inherent difficulty of the combinatorial problem in question. All this suggests that theories resulting from hard combinatorial problems defined in terms of tuples of integers may serve as benchmark theories in experiments with SAT solvers.
There are other results similar in spirit to the van der Waerden theorem. The Schur theorem states that for every positive integer k there is an integer m such that every partition of {1, . . . , m} into k blocks contains a block that is not sum-free. Similarly, the Ramsey theorem (which gave name to this whole area in combinatorics) [16] concerns the existence of monochromatic cliques in edge-colored graphs, and the Hales-Jewett theorem [11] concerns the existence of monochromatic lines in colored cubes. Each of these results gives rise to a particular function defined on pairs or triples of integers and determining the values of these functions is a major challenge for combinatorialists. In all cases, only few exact values are known and lower and upper estimates are very far apart. Many of these results were obtained by means of specialized search algorithms highly depending on the combinatorial properties of the problem. Our paper shows that generic SAT solvers are maturing to the point where they are competitive and sometimes more effective than existing advanced specialized approaches.
van der Waerden numbers
In the paper we use the following terminology. By Z + we denote the set of positive integers and, for m ∈ Z + , [m] is the set {1, . . . , m}. A partition of a set X is a collection A of nonempty and mutually disjoint subsets of X such that A = X. Elements of A are commonly called blocks. Informally, the van der Waerden theorem [20] states that if a sufficiently long initial segment of positive integers is partitioned into a few blocks, then one of these blocks has to contain an arithmetic progression of a desired length. Formally, the theorem is usually stated as follows.
Theorem 1 (van der Waerden theorem). For every k, l ∈ Z + , there is m ∈ Z + such that for every partition
, there is i, 1 ≤ i ≤ k, such that block A i contains an arithmetic progression of length at least l.
We define the van der Waerden number W (k, l) to be the least number m for which the assertion of Theorem 1 holds. Theorem 1 states that van der Waerden numbers are well defined.
One can show that for every k and l, where l ≥ 2, W (k, l) > k. In particular, it is easy to see that W (k, 2) = k + 1. From now on, we focus on the non-trivial case when l ≥ 3.
Little is known about the numbers W (k, l). In particular, no closed formula has been identified so far and only five exact values are known. They are shown in Table 1 [1, 10] . Since we know few exact values for van der Waerden numbers, it is important to establish good estimates. One can show that the Hales-Jewett theorem entails the van der Waerden theorem, and some upper bounds for the numbers W (k, l) can be derived from the Shelah's proof of the former [18] . Recently, Gowers [9] presented stronger upper bounds, which he derived from his proof of the Szemerédi theorem [19] on arithmetic progressions.
In our work, we focus on lower bounds. Several general results are known. For instance, Erdös and Rado [5] provided a non-constructive proof for the inequality
For some special values of parameters k and l, Berlekamp obtained better bounds by using properties of finite fields [2] . These bounds are still rather weak. His strongest result concerns the case when k = 2 and l − 1 is a prime number. Namely, he proved that when l − 1 is a prime number,
In particular, W (2, 6) > 160 and W (2, 8) > 896. Our goal in this paper is to employ propositional satisfiability solvers to find lower bounds for several small van der Waerden numbers. The bounds we find significantly improve on the ones implied by the results of Erdös and Rado, and Berlekamp.
We proceed as follows. For each triple of positive integers k, l, m , we define a propositional CNF theory vdW k,l,m and then show that vdW k,l,m is satisfiable if and only if W (k, l) > m. With such encodings, one can use SAT solvers (at least in principle) to determine the satisfiability of vdW k,l,m and, consequently, find W (k, l). Since W (k, l) > k, without loss of generality we can restrict our attention to m > k. We also show that more concise encodings are possible, leading ultimately to better bounds, if we use an extension of propositional logic by cardinality atoms and apply to them solvers capable of handling such atoms directly.
To describe vdW k,l,m we will use a standard first-order language, without function symbols, but containing a predicate symbol in block and constants 1, . . . , m. An intuitive reading of a ground atom in block (i, b) is that an integer i is in block b.
We now define the theory vdW k,l,m by including in it the following clauses:
As an aside, we note that we could design vdW k,l,m strictly as a theory in propositional language using propositional atoms of the form in block i,b instead of ground atoms in block (i, b). However, our approach opens a possibility to specify this theory as finite (and independent of data) collections of propositional schemata, that is, open clauses in the language of first-order logic without function symbols. Given a set of appropriate constants (to denote integers and blocks) such theory, after grounding, coincides with vdW k,l,m . In fact, we have defined an appropriate syntax that allows us to specify both data and schemata and implemented a grounding program psgrnd [4] that generates their equivalent ground (propositional) representation. This grounder accepts arithmetic expressions as well as simple regular expressions, and evaluates and eliminates them according to their standard interpretation. Such approach significantly simplifies the task of developing propositional theories that encode problems, as well as the use of SAT solvers [4] .
Propositional interpretations of the theory vdW k,l,m can be identified with subsets of the set of atoms {in block The last group of constraints, clauses (vdW3), guarantee that elements from [m] forming an arithmetic progression of length l do not all belong to the same block. All these observations imply the following result. It is evident that if m has the property that vdW k,l,m is unsatisfiable then for every m ′ > m, vdW k,l,m ′ is also unsatisfiable. Thus, Corollary 1 suggests the following algorithm that, given k and l, computes the van der Waerden number W (k, l): for consecutive integers m = k + 1, k + 2, . . . we test whether the theory vdW k,l,m is satisfiable. If so, we continue. If not, we return m and terminate the algorithm. By the van der Waerden theorem, this algorithm terminates.
It is also clear that there are simple symmetries involved in the van der Waerden problem. If a set M of atoms of the form in block (i, b) is a model of the theory vdW k,l,m , and π is a permutation of [k], then the corresponding set of atoms {in block (i, π(b)) : in block (i, b) ∈ M } is also a model of vdW k,l,m , and so is the set of atoms {in block
Following the approach outlined above, adding clauses to break these symmetries, and applying POSIT [6] and SATO [21] as a SAT solvers we were able to establish that W (4, 3) = 76 and compute a "library" of counterexamples (partitions with no block containing arithmetic progressions of a specified length) for m = 75. We were also able to find several lower bounds on van der Waerden numbers for larger values of k and m.
However, a major limitation of our first approach is that the size of theories vdW k,l,m grows quickly and makes complete SAT solvers ineffective. Let us estimate the size of the theory vdW k,l,m . The total size of clauses (vdW1) (measured as the number of atom occurrences) is Θ(mk 2 ). The size of clauses (vdW2) is Θ(mk). Finally, the size of clauses (vdW3) is Θ(m 2 ) (indeed, there are Θ(m 2 /l) arithmetic progressions of length l in [m]) 1 . Thus, the total size of the theory vdW k,l,m is Θ(mk 2 + m 2 ). To overcome this obstacle, we used a two-pronged approach. First, as a modeling language we used PS+ logic [4] , which is an extension of propositional logic by cardinality atoms. Cardinality atoms support concise representations of constraints of the form "at least p and at most r elements in a set are true" and result in theories of smaller size. Second, we used a local-search algorithm, walkaspps, for finding models of theories in logic PS+ that we have designed and implemented recently [13] . Using encodings as theories in logic PS+ and walkaspps as a solver, we were able to obtain substantially stronger lower bounds for van der Waerden numbers than those know to date.
We will now describe this alternative approach. For a detailed treatment of the PS+ logic we refer the reader to [4] . In this paper, we will only review most basic ideas underlying the logic PS+ (in its propositional form). By a propositional cardinality atom (c-atom for short), we mean any expression of the form m{p 1 , . . . , p k }n (one of m and n, but not both, may be missing), where m and n are non-negative integers and p 1 , . . . , p k are propositional atoms from At. The notion of a clause generalizes in an obvious way to the language with cardinality atoms. Namely, a c-clause is an expression of the form
where all A i and B i are (propositional) atoms or cardinality atoms. Let M ⊆ At be a set of atoms. We say that M satisfies a cardinality atom
If m is missing, we only require that |M ∩ {p 1 , . . . , p k }| ≤ n. Similarly, when n is missing, we only require that m ≤ |M ∩ {p 1 , . . . , p k }|. A set of atoms M satisfies a c-clause C of the form (1) if M satisfies at least one atom A i or does not satisfy at least one atom B j . W note that the expression 1{p 1 , . . . , p k }1 expresses the quantifier "There exists exactly one ..." -commonly used in mathematical statements.
It is now clear that all clauses (vdW1) and (vdW2) from vdW k,l,m can be represented in a more concise way by the following collection of c-clauses:
Indeed, c-clauses (vdW ′ 1) enforce that their models, for every i ∈ [m] contain exactly one atom of the form in block (i, b) -precisely the same effect as that of clauses (vdW1) and (vdW2). Let vdW ′ k,l,m be a PS+ theory consisting of clauses (vdW ′ 1) and (vdW3). It follows that Proposition 1 and Corollary 1 can be reformulated by replacing vdW k,l,m with vdW ′ k,l,m in their statements. Consequently, any algorithm for finding models of PS+ theories can be used to compute van der Waerden numbers (or, at least, some bounds for them) in the way we described above.
The adoption of cardinality atoms leads to a more concise representation of the problem. While, as we discussed above, the size of all clauses (vdW1) and (vdW2) is Θ(mk 2 + mk), the size of clauses (vdW ′ 1) is Θ(mk). In our experiments, for various lower bound results, we used the local-search algorithm walkaspps [13] . This algorithm is based on the same ideas as walksat [17] . A major difference is that due to the presence of c-atoms in c-clauses walkaspps uses different formulas to calculate the breakcount and proposes several other heuristics designed specifically to handle c-atoms.
Our goal is to establish lower bounds for small van der Waerden numbers by exploiting propositional satisfiability solvers. Here is a summary of our results. To provide some insight into the complexity of the satisfiability problems involved, in Table 3 we list the number of atoms and the number of clauses in the theories vdW ′ k,l,m . Specifically, the entry k, l in this table contains the number of atoms and the number of clauses in the theories vdW ′ k,l,m , where m is the value given in the entry k, l in Table 3 .
Discussion
Recent progress in the development of SAT solvers provides an important tool for researchers looking for both the existence and non-existence of various combinatorial objects. We have demonstrated that several classical questions related to van der Waerden numbers can be naturally cast as questions on the existence of satisfying valuations for some propositional CNF-formulas.
Computing combinatorial objects such as van der Waerden numbers is hard. They are structured but as we pointed out few values are known, and new results are hard to obtain. Thus, the computation of those numbers can serve as a benchmark ('can we find the configuration such that...') for complete and local-search methods, and as a challenge ('can we show that a configuration such that ...' does not exist) for complete SAT solvers. Moreover, with powerful SAT solvers it is likely that the bounds obtained by computation of counterexamples are "sharp" in the sense that when a configuration is not found then none exist. For instance it is likely that W (5, 3) is close to 126 (possibly, it is 126), because 125 was the last integer where we were able to find a counterexample despite significant computational effort. This claim is further supported by the fact that in all examples where exact values are known, our local-search algorithm was able to find counterexample partitions for the last possible value of m. The lower-bounds results of this sort may constitute an important clue for researchers looking for nonexistence arguments and, ultimately, for the closed form of van der Waerden numbers.
A major impetus for the recent progress of SAT solvers comes from applications in computer engineering. In fact, several leading SAT solvers such as zCHAFF [15] and berkmin [7] have been developed with the express goal of aiding engineers in correctly designing and implementing digital circuits. Yet, the fact that these solvers are able to deal with hard optimization problems in one area (hardware design and verification) carries the promise that they will be of use in another area -combinatorial optimization. Our results indicate that it is likely to be the case.
The current capabilities of SAT solvers has allowed us to handle large instances of these problems. Better heuristics and other techniques for pruning the search space will undoubtedly further expand the scope of applicability of generic SAT solvers to problems that, until recently, could only be solved using specialized software.
